An analytic model for the asymptotic growth in the linear Richtmyer-Meshkov instability is presented. Analytic formulae for the interface velocity are obtained both in the weak and the strong shock limits, whether a shock or a rarefaction are reflected. For weak shocks, the irrotational approximation is used. For strong shocks, the vorticity in the bulk must be also taken into account. It is seen that this bulk vorticity actually lowers the velocity predicted by the irrotational approximation. An explicit approximate formula is given in this case. It agrees very well with a previously reported numerical solution. Perturbation freeze-out is also considered in the weak shock limit. It is concluded that this instability is driven by the vorticity left by the shocks at the interface and in the fluids.
I. INTRODUCTION
When a shock wave collides with a corrugated surface that separates two different fluids, the transmitted and reflected fronts propagate the initial disturbance into the bulk of the fluids. As the shock ͑or rarefaction͒ fronts separate away, the perturbed interface begins to grow. [1] [2] [3] [4] This phenomenon is known as Richtmyer-Meshkov ͑R-M͒ instability. If the initial corrugation is very small compared with the perturbation wavelength, an asymptotic velocity is achieved when the fronts are sufficiently far from the initial contact discontinuity. This instability is important in Inertial Confinement Fusion because the propagation of disturbances by means of shock or rarefaction fronts could degrade the symmetry and uniformity of the target implosion. [3] [4] [5] Quite recently, this instability has received considerable attention and it has been studied numerically, 4 and analytically, [6] [7] [8] for the situation in which a shock and a rarefaction are reflected at the contact surface. In these works, the linearized fluid equations were integrated with boundary conditions at the transmitted and reflected fronts and at the interface. In this way, the time history of the perturbations since shock transmission up to very large times in the linear asymptotic stage could be calculated. The approach followed in Refs. 3, 6 and 7 was to expand the perturbations as powers of time, or of the Laplace variable, and the coefficients of the expansion calculated with the help of the boundary conditions. In Ref. 8 the analytic form of the pressure perturbations behind the fronts was used. This is useful to analyze asymptotic behaviours and scalings ͑i.e., vorticity production, asymptotic interface velocity͒. The asymptotic velocity could be found as the result of an infinite sum for shocks of arbitrary intensity. In the weak shock limit, however, explicit formulas could be found for the shock reflected case, 3 and also for the rarefaction reflected situation. 8 Another derivation that leads to a formula valid in the weak shock limit is the so named ''impulsive model.'' 1 The main assumptions in that model are incompressibility and irrotationality of the velocity perturbations together with an impulsive ''gravity'' acceleration across the shock fronts. Recently, this model has received renewed attention and some situations in which its predictions are incorrect have been found. 4, 5, 7 Nevertheless, explicit formulae that could be used when the incident shock is either weak or strong have not been previously reported.
The question arises, then, if it is possible to have an explicit expression for the velocity perturbation field when the shocks are very far from the interface, for any incident shock strength. We will answer affirmatively this question by giving an exact formula in the weak shock limit and an approximate one in the very strong shock limit. This can be done in both cases of reflected shock or reflected rarefaction. The key point to arrive to these results is to recognize the fact that the perturbations become always incompressible, irrespective of the initial shock intensity. As a matter of fact, it can be seen with the results of Ref. 8 that the pressure perturbations decay in time, at a fixed spatial position. And also do so their temporal derivatives. Assuming adiabatic flow between the fronts and the contact surface, it follows that the temporal derivatives of the density also vanish in the limit t→ϱ. Then, the perturbations become incompressible, independently of the incident shock intensity. The only restriction is that we must wait long enough, so that the fronts ͑whether shocks or rarefactions͒ have travelled many wavelengths from the interface. The main mathematical obstacle is, however, the fact that the fluids behind the shock fronts are not irrotational. In particular, if the fluids ahead of the fronts are homogeneous, it can be seen that the vorticity perturbation decays like ͉x͉ Ϫ3/2 for shocks of finite intensity and like ͉x͉ Ϫ1/2 for shocks of infinite strength (͉x͉ is the distance from the unperturbed interface͒. 8 Despite this fact, we show that the asymptotic velocity perturbations can be calculated explicitly. The shocks generate vorticity at the interface and in the bulk of the fluids. The bulk vorticity is of second order in shock intensity for very weak shocks, while the interfacial circulation is of first order. Then, in the weak shock limit, an irrotational approximation can be used for the velocity perturbations. The integration of the velocity profile is then very simple and the result agrees with a previous analytic expression reported in Ref. 8 . It is easily concluded that an impulsive formulation for the interface velocity is not necessary. If, on the other hand, the shocks are so strong that a͒ Fellow of Japanese Society for the Promotion of Science ͑JSPS͒. Electronic mail: wouchuk@ile.osaka-u.ac.jp the bulk vorticity can no longer be neglected with respect to the interface vorticity, the previous formula does not give accurate results. In this case, the disagreement between the irrotational approximation and the full linear simulation reported by Yang et al. 4 worsens as the fluids under study become more compressible ͑isentropic exponents near 1͒. Retaining the bulk vorticity in the equations, an approximate expression for the interface velocity can still be obtained. It also shows a very good agreement with the numerical solution of Yang et al.
The same results can be used for any configuration in which two homogeneous fluids with arbitrary initial conditions are separated by a corrugated surface ͑linearly perturbed Riemann problem͒ as has been suggested in Ref. 7 . Therefore, with an explicit formula, it should be easier to search for cases in which freeze-out of the perturbation can occur. 3, 5, 7 We verify previously reported cases of freeze-out in the weak shock limit.
In Sec. II A we review briefly the notation followed in Ref. 8 and add some new results that are necessary for later calculations. In Sec. II B the differential equation for the stream function associated with the problem is derived. In Sec. III it is solved in the weak shock limit and the results compared with the solution given in Ref. 4 . A parameter that quantifies the ''correctness'' of the irrotational assumption is defined and the validity of the impulsive model is discussed. In Sec. IV the effect of the bulk vorticity in the asymptotic velocity is discussed and an approximate formula in the strong shock limit is derived. Its predictions are also compared with the results of Ref. 4 . In Sec. V the freeze-out of the perturbations and the symmetrical Riemann problem are briefly addressed. A summary is given in Sec. VI.
II. MODEL EQUATIONS

A. Compressible history
We refer the reader to Ref. 8, but we review briefly here some necessary notations and deduce some properties of the vorticity profile that are useful to understand the calculations of the following sections.
We assume that at xϭ0 there is an interface that separates two fluids: ''a'' to the left and ''b'' to the right. The initial densities are, respectively, a0 and b0 . Both fluids are at the same pressure p 0 . A shock with velocity Ϫu i x ͑labo-ratory frame͒ comes from the right and hits the interface at tϭ0. The pressure and fluid velocity behind this incident shock are, respectively, p 1 and Ϫv 1 x . At tϭ0ϩ another shock is transmitted into the fluid ''a'' that moves with velocity Ϫu t x . The pressure behind it is p f . The density behind the transmitted shock is a f . On the other hand, in fluid ''b'' another shock or rarefaction is reflected and this fact depends on the thermodynamic properties of both fluids as well on the shock intensity. 4, 7 Anyway, the final pressure of fluid ''b'' will be also p f and its density b f . Let us assume at first that a shock which moves with velocity ϩu r x is reflected at tϭ0ϩ. As a result of the interaction, the interface acquires a velocity equal to Ϫv i x . Let us assume that the interface has an initial corrugation of the form 0 cos ky, where kϭ2/ is the perturbation wavenumber and it is 0 Ӷ. We study the perturbations in a system that moves with the undisturbed interface. After the shockinterface interaction ͑at tϭ0ϩ) and before the shocks are very far away, the pressure perturbations with the lateral flow that develop behind the shock or rarefaction fronts are responsible in ''creating'' the perturbation fields. It can be seen that the pressure perturbations in the homogeneous regions at both sides of the contact discontinuity can be written as 
where w b1 , w b2 , E 2 b and E 3 b are defined in Appendix A. The quantity r0 ϭk 0 (1ϩu r /u i ) is the initial dimensionless amplitude of the reflected shock front. 1, 3, 4 where U t ϭu t Ϫv i Ͼ0 is the absolute value of the transmitted shock velocity in the reference frame used and s a ϭsinh q a . The dimensionless tangential velocities at both sides of the interface at tϭ0ϩ are directly proportional to the initial amplitudes of the deformed fronts:
In general, both values are different and an initial circulation ␦⌫ 0 ϭ␦v y0 b Ϫ␦v y0 a exists at xϭ0. Later on, as the shocks separate away, the pressure perturbations ␦p m interact with the zeroth order density gradient at the interface (xϭ0) and the initial circulation will be, in general, modified because of baroclinic generation of vorticity. In the bulk, however, the first order source of vorticity exists only at the shock fronts. Vorticity is generated at the position x only when the shock front arrives to that point and it remains fixed to that fluid element in the absence of dissipative mechanisms as viscosity. It has been shown that the amount of vorticity ␦ m (x,y) generated at the position (x,y) is given by
where sm is r or t and ⍀ m is defined by
where ␤ t ϭϪtanh t , ␤ r ϭtanh r and
are the slopes of the Hugoniot curves ͑at the final state͒ divided by the final sound velocity behind the reflected and transmitted shock, respectively. 1 We can calculate the flux of the bulk vorticities. We define a rectangular strip in fluid ''b'' by 0рxрx r ϭU r t, 0рyр/4 ͑and analogously in fluid ''a:'' x t ϭϪU t tрxр0, 0рyр/4). The asymptotic flux of
The sum ͚ D b ( r ) can be calculated by evaluating Eq. ͑8͒ at q b ϭ0:
and therefore
where b f ϭ b f / b1 is the density compression ratio across the reflected shock front. In a similar way for fluid ''a,''
where a f ϭ a f / a0 is the density compression ratio across the transmitted shock. For very weak shocks, the density compression ratio across the shocks is ϳ1ϩO(s i ), where s i ϭ(p 1 Ϫp 0 )/p 1 is the incident shock intensity. 10 Then, it can be seen that the bulk vorticity fluxes are of second order in the shock intensity for very weak shocks and can be neglected. However, they are not negligible for shocks of finite intensity.
B. Asymptotic stage
In Ref. 8 the interface velocity (t→ϱ) was calculated with Eq. ͑5͒. This amounts to calculating the coefficients involved for each case separately. A similar procedure was carried out in Ref. 7 . In this subsection, we try to obtain a formula that allows us to know the asymptotic interface velocity without the explicit calculation of all the coefficients involved in the expression for ␦p m . This is motivated by the fact that, as we shall confirm later, the evolution of the instability is decided at tϭ0ϩ when the reflected and transmitted fronts are formed. This conclusion is transparent if we take a look at the linearized R-H conditions ͓Eqs. ͑8͒ and ͑10͔͒. We see that the structure of these equations ͑and of their solution͒ is decided at the moment in which we specify the value of the tangential velocities behind each front. These tangential velocities ͑or lateral flow velocities 7 ͒ are contained in the terms r0 E 2 b and t0 E 2 a , respectively. There-fore, it seems plausible that, with the knowledge of the initial circulation at both sides of the contact surface plus eventually some other information, we should be able to predict the rate of growth of the interface, in an integrated way, that is, asymptotically. We devote the rest of the work to this aim. First, we must prove that, at any fixed position x in the space between the shocks, the pressure perturbations ͓Eq. ͑1͔͒ and its temporal derivatives vanish asymptotically in time. Assuming that the flow behind the shock fronts is isentropic, it can be deduced that the temporal derivatives of the perturbed density decay also in the same way. A rigorous proof of this fact can be given for the R-M problem by using the linearized boundary conditions at the shocks and at the interface as follows: thanks to Eq. ͑18͒, the sequence D b ( r ) goes to zero for →ϱ. Using Eq. ͑2͒ we deduce that ͉ b ͉ϳ͉ b ͉ for large . The same result holds for fluid ''a.'' If we substitute these relationships in the boundary conditions at the interface (xϭ0) ͓Eqs. ͑5͒ and ͑6͔͒, we can deduce after some straightforward algebra that the series defined by ͚ у1 m and ͚ у1 m are convergent. This fact proves the achievement of finite asymptotic normal and tangential velocities at the interface. We also note the following facts: first, when we fix the position x and make t→ϱ, it is equivalent to make m →0 and r m →ϱ. Then we see that
. Second, with the boundary conditions at the interface we can also see that the series defined as ͚ у1 m and ͚ у1 m are convergent. Then, it is easy to deduce that there should exist a positive number K such that ͉ m ͉ and ͉ m ͉ are both bounded from above by K/ 2 for sufficiently large . Then, it follows that the pressure perturbation as defined in Eq. ͑1͒ is a convergent series that is also a bounded function for all values of tϾ0ϩ and ͉x͉Ͻc m f t. At a fixed position x it can be seen that the limit ␦p(x,t→ϱ) also exists, by making use of the asymptotic and recurrence properties of the Bessel functions. Then, ␦p m is a bounded function and its limit for t→ϱ can be calculated according to one of the Tauberian theorems. 9 That is, lim t→ϱ ␦p m ) x f ixed ϭlim m →0 lim s m →0 ͓s m ␦P ( m ,s m )͔, where ␦P is the Laplace transform of the pressure at any arbitrary position and is defined similarly as the Laplace transform at the shock front ͓see immediately after Eq. ͑7͔͒. The right hand side limit will be zero if we can make sure that the series ͚ у1 D m ( m ) is convergent at fixed x and t→ϱ. But in this limit we know that ͚ у1 D m ( m )→ ͚ у1 m and the last series has been proved convergent before. Therefore, when the shocks are sufficiently far away, pressure and density perturbations associated with the sonic disturbances vanish as we wanted to see. This means that the perturbed velocity field becomes solenoidal, that is, incompressible. It is noted that this result is independent of the incident shock strength and is not restricted only to the weak shock case. The difference between the weak and strong shock cases, is that for a very strong shock we should ''wait'' longer until an asymptotic, incompressible regime is achieved. 5 It is also noted that the entropic density perturbations do not decay in time, as they are only a function of position. 3, 8 However, their partial derivative with respect to the time is zero and this fact does not affect the previous conclusion. Besides, if in fluid ''b'' a rarefaction is reflected instead of a shock, the result ͉ b ͉ϳ͉ b ͉ also holds for large , as can be seen from the model developed in Refs. 4, 7 or 8. Then, the same conclusions are valid in the rarefaction reflected case. If we make ⌿ m (x,y)ϭQ m (x)sin ky, we deduce
where g m has been defined in Eq. ͑13͒. Then, the problem of finding the velocity field for any given situation is to solve Eq. ͑23͒ in both fluids and match the solutions with the boundary conditions at the interface. We will distinguish between the weak and strong shock limit cases and try to solve Eq. ͑23͒ separately.
III. WEAK SHOCK LIMIT
A. Irrotational approximation
We have seen, following the discussion of Eqs. ͑19͒ and ͑20͒, that the bulk vorticity fluxes are of second order in the shock intensity, for very weak shocks. If we define the initial circulation left by the deformed fronts at the interface by The value of ␦v irrot is obtained with Eq. ͑7͒. That is, we require that the asymptotic velocity field should be consistent with the previous compressible evolution of the perturbations. We get
In the shock reflected situation, this equation coincides with the weak shock limit approximation obtained in Ref. In the rarefaction case, no vorticity is generated in the bulk of fluid ''b,'' as discussed in Ref. 7 and then, the velocity profile in that fluid is a genuine decreasing exponential. In Figs. 1 and 2 we show the predictions of Eq. ͑25͒ as a function of the incident shock intensity, for different combinations of ideal gases. In Fig. 1 a shock is reflected and in Fig. 2 a rarefaction is reflected 4 we see that the agreement in the shock reflected case ͑Fig. 1͒ is good only for very low intensities. The disagreement is the largest for the Air-SF 6 combination, where a factor 2 of difference is observed in the very strong shock limit. In general, the irrotational approximation always over-estimates the growth rate as the shock intensity increases. The reason for this will be discussed in the next section. In the reflected rarefaction case, the agreement is much better, however never satisfactory. The irrotational formula is still greater than the exact solution given by Yang et al. for any shock intensity. The difference increases always towards the infinitely strong shock limit.
To establish the limits of validity of the irrotational assumption, it is convenient to define a parameter that measures the ''confidence'' of this approximation. We define
as the ratio between the bulk vorticity fluxes and the interface circulation in the irrotational approximation. ͑We are reminded here that both ␦ m and ␦v irrot are adimensionalized with the incident shock velocity.͒ In general, it is b Ӷ a due to the fact that the reflected shock is not very strong even for very strong incident shocks. In Figs. 3 and 4 we have plotted t ϭ a ϩ b as a function of shock intensity for the same pairs of ideal gases as in Figs. 1 and 2 . In general, it can be seen from the figures that ␦v irrot is a good estimate of the asymptotic interface velocity for values of t р0.2. This value of t corresponds to low incident Mach numbers. In general, in the strong shock limit, t ϳ1, and it is clear that the irrotational approximation should not be correct. From Figs. 3 and 4 we also see that t and the interfacial circulation have opposite signs. The consequences of this will be discussed in connection with the strong shock limit situation. However, before we do that, it is interesting to make here a brief digression about the so called ''impulsive approximation'' which was believed to be also a reliable estimate of the interface velocity in the weak shock limit.
B. Impulsive model
This model is already well known in the literature, 1 and has received attention quite recently because some cases have been found in which its predictions are incorrect. 5, 7 In particular, in Ref. 7 it has been shown that the ''driver'' of the R-M instability can be neither the density gradient at the interface, nor the impulsive acceleration of the contact surface. We refer the interested reader to that work for details. From the results presented here, we can also add that it is unnecessary to resort to an impulsive approximation in order to get the interface velocity in the weak shock limit. The perturbations will always become incompressible, whether the incident shock is weak or strong. The only approximation in the weak shock limit is the neglect of the bulk vorticity. This assumption is justified in that limit because only the interface vorticity is relevant up to first order in the shock intensity, in order to determine the growth rate. The velocity perturbations can then be written as true decaying exponential functions. Later, these functions are connected through the interface by requiring the continuity of normal velocity and the continuity of pressure since t ϭ 0 ϩ . This last boundary condition is written in Eq. ͑7͒ and it is a necessary constraint if we want the asymptotic velocity field to be connected causally with the previous compressible history of the instability evolution. In the standard derivation of the impulsive model, the time integration of the equations of motion begins just before the incident shock arrives at the corrugated interface. This fact introduces some ambiguities in the final result, as for example what should be the correct interface Atwood number or the correct value for the initial perturbation amplitude. We can not describe correctly the physics of the perturbations during the interval of time in which the shocks are refracting at the interface. Our knowledge of the correct boundary conditions begins at tϭ0ϩ, just after the transmitted and reflected fronts have been formed. And they just involve the knowledge of the lateral flow velocities behind the deformed fronts which can be always calculated exactly.
IV. STRONG SHOCK LIMIT
We have seen, discussing Figs. 1-4 , that as the shock intensity increases, the irrotational approximation ceases to be valid and large differences with the real solution could be expected. In this section we derive an approximate analytic expression valid in that limit. We later compare its predictions with the linear numerical simulations reported in the work of Yang et al. 
A. Qualitative discussion
We noted in Figs. 3 and 4 that t is always of opposite sign with respect to ␦v irrot . We make here a qualitative discussion of the consequences that this fact has on the interface velocity. Because the main contribution to the bulk vorticity comes from the transmitted shock, we concentrate on fluid ''a.'' Going back to Eq. ͑13͒, we see that ␦ a (x,y) can be written as an infinite series of Bessel functions of odd integer index and argument equal to ͉kx/sinh t ͉. We can simplify this picture and assume that this vorticity is distributed as isolated point vortices situated along the lines kyϭ/2ϩn. Of course, this is just an approximate description, because the vorticity will be ''spread'' around the local maxima and minima of the function g a (x). If we remember the process of bulk vorticity generation, 8 we see that it is generated behind the deformed shock and that, as the shock travels away decreasing its perturbation amplitude, the vorticity generated behind it will be also a decaying function of position. This vorticity is directly proportional to the local value of the pressure perturbation behind the shock ͓Eq. ͑13͔͒, which is in turn proportional to the rate of variation of the shock front amplitude. Then, the first maximum of the bulk vorticity will coincide with the first maximum slope for the decaying shock front amplitude. Therefore, it is clear that the first local maximum of g a (x) will be the strongest and it should be located near the interface. Then, its position should be given approximately by the first maximum of the Bessel function J 1 which occurs when its argument is approximately equal to 1.85. Let x va denote the corresponding abscissa. Then, we have the scaling relation x va ϳ1.85͉sinh t ͉/k. From this relation we deduce that this point vortex approaches the interface while increasing its magnitude if we increase the shock intensity. This is so because ͉sinh t ͉ decreases towards the strong shock limit. ͑We remember here that ␤ t ϭ͉tanh t ͉ is the transmitted shock Mach number with respect to the fluid behind it.͒ In Fig. 5 we have drawn a simplified picture of the situation where we place this first ''point'' vortex at a distance x va from the interface. According to the result of the last section, it has an opposite sign with respect to the interface vortex, and therefore it is shown as the tail of the arrow that represents the vector ␦ ជ a . The interface vortex has been chosen to point ''up'' in that figure, which induces a net interface velocity directed to the right. From elementary fluid dynamic arguments, 10 we see that the point vortex induces, at the interface, a normal velocity which has opposite sense with respect to the velocity induced by the interface vortex. Then, we deduce that the effect of the bulk vorticity should be that of lowering the interface velocity as predicted by the irrotational model. This effect should be stronger, as the shock intensity increases, because the distance x va decreases and the magnitude of the bulk vortex becomes comparable with the interface vorticity. This lowering effect on the interface velocity can be explicitly calculated and the final results agree quite accurately with the full numerical solutions of the linearized fluid equations in a wide range of the parameter space. Before going into details in the next subsection, it is interesting to remark here that this interaction between the ''bulk'' vortices and the interface circulation should play also a role in the transition to the nonlinear phase. In that situation, the fluid elements should begin to move relative to the interface because the convective terms would become important. As a result, the bulk vortices could approach the interface even closer and distort it, accompanying the onset of harmonics generation. In the nonlinear models elaborated up to now, this bulk vorticity could not be taken explicitly into account, 13 and it remains as an interesting question in what measure does this bulk vorticity influence the nonlinear perturbation evolution.
B. Asymptotic interface velocity
Let us re-consider Eq. ͑23͒ with the explicit inclusion of the bulk vorticities represented by the functions g m . It can be seen that a general solution for both fluids ''a'' and ''b'' can be written as a solution of the homogeneous equation plus a particular solution:
͑28͒
We must require that the solution goes to zero very far from the interface. Then, we get the relationships 1 2 ͑ ␦v ya
where G m is the Laplace transform of the function g m . After some algebra, and using some properties of the Laplace transforms of the Bessel functions 9 together with the results of Sec. II, we can write the G m (sϭ1) in terms of the coefficients m and m . We quote the final results:
where
͑33͒
Proceeding as in Sec. II, we require that ␦ ya ϱ and ␦v ya ϱ be consistent with the previous compressible evolution of the perturbations. That is, we use Eq. ͑7͒. We get
We see immediately that if we neglect the bulk vorticities, we obtain the irrotational result ͓Eq. ͑25͔͒. The task is then to evaluate F a and F b .
C. Calculation of F a and F b
The main difficulty involving the calculation of F m is that they are represented by an infinite series that has proved difficult to evaluate in closed form by means of an analytic expression. The only possibility left is to evaluate the series inside F m term by term. Because of the fact that these series have general terms which are proportional to decaying exponentials, it is natural to think that with the first few terms it should give sufficient accuracy. This is in general true for F b because r is a large positive number. However, if the fluid ''a'' is highly compressible and the incident shock is very strong, the series defined by F a in Eq. ͑32͒ is very slowly convergent. This proves to be certainly true in the combination Air-SF 6 , for the series corresponding to the transmitted shock in the SF 6 . This is because in the very strong shock limit, ͉ t ͉ϳ0.21, which is not large enough to make the series converge faster. Then, in order to get rid of this problem, it is necessary to resort to some trick that allows us to re-write the slowly convergent series in terms of some other combination of the coefficients of fluid ''b.'' This can be done by looking at the boundary conditions at the interface. These boundary conditions have been written in Ref. 8 . However, we re-write them here for simplicity. The continuity of pressure and normal acceleration at the perturbed interface can be put, using the solution for ␦p m ͓Eq. ͑1͔͒, as
If we make q a ϭϪ2 t we can calculate the corresponding value of q b . It follows that
where sinh b ϭϪN sinh 2 t . It can be seen that S a as given by the last series in the above equation, can be well approximated by just the first term, even for very strong shocks.
If a rarefaction is reflected, only F a is relevant, because F b ϭ0. In this case, the above procedure to re-write S a is not necessary. The values of 1 m and 1 m used to evaluate F m are given in Appendix B.
D. Comparison with the solution of Yang et al.
At first, we study the pair Air-SF 6 which showed the largest disagreement between the numerical solution and the irrotational approximation. In Fig. 6 we show the velocity interface taken from Ref. 4 , the result predicted by the irrotational approximation and the result obtained from Eq. ͑34͒. In calculating Eq. ͑34͒, we have estimated S a in two ways: retaining only the first term as discussed before and later retaining up to the sixth term in the series. From the figure it is clear that with the first term of the series defined in Eq. ͑39͒ an error less than 10% is introduced. With more terms of the series, the accuracy is improved. In Figs. 7 and 8 we repeat the calculation of Eq. ͑34͒ for the same combination of gases as in Sec. II. We approximate the series that define F m by the corresponding first term. Comparing with the figures reported in Ref. 4 , we see very good agreement for almost all the cases, except for the Air-SF 6 case as has been discussed before. However, this compares better than the simpler irrotational approximation.
E. Comparison with recent experiments
Quite recently, a series of R-M experiments have been conducted in which a rarefaction was reflected at the interface separating two solids. 11 Strong shocks have been used (M achϾ10) which completely ionize the solid materials that can be considered as plasmas. The heavy fluid consisted always of Beryllium. The light fluids were either a brominated foam or a plastic. Perturbation wavelengths ranging from 30 m up to 150 m with initial amplitudes from 4 m up to 14 m have been studied. Because of the strong shocks involved in those experiments, a comparison with a formula like the irrotational one does not seem appropriate. In Ref. 8 , fair agreement with the weak shock approximation has been shown, however this does not imply that the physics of the experiments could be well described by that formula. As we have seen, if the shock intensity increases, the vorticity left in the bulk is comparable to the one deposited at the interface, and this fact should influence the interpretation of the results. Another difficulty in evaluating these experimental FIG. 6 . Comparison between the numerical solution reported in Ref. 4 , Eq. ͑25͒ and Eq. ͑34͒. The incident shock comes from Air and the transmitted shock goes into SF 6 . A shock is reflected. The horizontal axis represents the incident shock intensity s i . The velocity is calculated with Eq. ͑25͒ and with two estimations of the series S a ͓Eq. ͑39͔͒ inside Eq. ͑34͒. This is done in two ways: with the first term ͑indicated with nϭ0 in the box inside the figure͒, and with nϭ5, which corresponds to retain up to the sixth term in that series.
FIG. 7. The same as Fig. 1 , but using Eq. ͑34͒. A shock is reflected.
results is the fact that the initial amplitudes of many of the data are quite large, which means that the perturbations could reach the non linear saturation quite soon. Therefore, a comparison with a strictly linear theory might not be correct at all. 13 In Fig. 9 we show the experimental interface velocity ͑m/ns͒ in the horizontal axis and the result predicted from Eq. ͑34͒ in the vertical axis. We have plotted those points whose initial amplitudes were not very large compared with the perturbation wavelengths. We conclude that a nonlinear theory, that perhaps takes into account the bulk vorticity generated by the shock transmitted into the light fluid, should be a much better theoretical framework for the interpretation of these experiments. For the experimental details the reader is referred to Ref. 11.
V. FREEZE-OUT AND SYMMETRICAL RIEMANN PROBLEM
A. Freeze-out
As has been pointed out by Mikaelian, 5 it is interesting to identify the situations in which the interface growth could be frozen out in linear theory. In those situations, the interface has zero asymptotic velocity. The problem of freeze-out has also been considered in Refs. 4 and 7, but, because no explicit formula for the interface velocity had been given, the authors showed only discrete points of the parameter space that could exhibit the freeze-out effect. We have at our disposition Eq. ͑25͒, which is valid in the weak shock limit. Unfortunately, it is not possible to give the exact location in the space of initial parameters, of the hypersurface that corresponds to freeze-out. This is due to the fact that Eq. ͑25͒ involves post-shock quantities and the equations that relate pre-and post-shocks variables are nonlinear. According to the discussion of Ref. 7, freeze-out is not a most rare situation. Indeed, as suggested in that work, one could start with any given set of isentropic exponents (␥ a and ␥ b ) and incident shock Mach number (M i ) and vary the initial density jump R 0 ϭ a0 / b0 between 0 and ϱ. The interface velocity should change sign for some value of the density jump. We verify this possibility for some situations that have been reported in the literature. When we compare with the case of freeze-out reported in Ref. 7 , we have found that freeze-out should occur for the values ␥ a ϭ1.45, ␥ b ϭ1.8, A T0 ϭ(R 0 Ϫ1)/(R 0 ϩ1)ϭϪ0.008 and M i ϳ1.09 in good agreement with the values reported in that work. Also, if we compare with the case reported in Ref. 4 , we find that freezeout can also occur if ␥ a ϭ1.1, ␥ b ϭ4.4, M i ϳ1.24 and R 0 ϳ1.01 also in good agreement with the result of that work. A more extensive search of the hypersurface that defines freeze-out in the parameter space could be done on the basis of the expressions for ␦v i ϱ derived in the previous sections. However, that task exceeds the scope of the present work and will be left for future investigations.
B. Riemann problem
Let us consider two homogeneous ideal fluids separated at tϭ0 by a surface. The initial conditions for normal velocity, density and/or pressure are arbitrary. We do not consider a jump in tangential velocity at zeroth order to exclude the Kelvin-Helmholtz instability from our discussion. It is known that the evolution of such a discontinuity can be described at tϾ0 considering the propagation of shocks or rarefaction waves propagating in opposite directions. 10, 12 If the initial surface has a corrugation, the shocks and/or rarefaction fronts will carry this modulation and induce an initial circulation at both sides of the interface (tϭ0ϩ). As they travel into the fluids, they propagate the initial surface disturbance into the bulk, generating sound pressure perturbations and eventually vorticity. Therefore, the treatment used in the previous sections to study the particular R-M problem is also applicable to this more general situation, as far as the fluids are initially homogeneous ͑undisturbed͒ and the initial source of perturbations is localized at the interface.
To compare with previous findings, we check the predictions of Eq. ͑34͒ with the solution of the symmetrical Riemann problem discussed in Ref. 7 . The initial configuration is such that two rarefaction waves propagate in opposite directions from the initial surface. Both rarefactions have the same intensity and therefore, in the unperturbed problem, the initial surface has zero normal velocity and the density jump is equal to unity, before and after tϭ0. The strength of the rarefactions is such that in a system fixed to the original surface of separation, the fluids ahead of the rarefaction fronts have a velocity U escaping from the surface. In that work it has been shown that, despite the fact that the impulsive model does not predict any growth for the interface as t→ϱ, the solution of the linearized equations of motion shows that the interface acquires a definite asymptotic velocity. 7 According to Eq. ͑25͒ we need the tangential velocities at both sides of xϭ0 at tϭ0ϩ. These velocities can be calculated using the results of Refs. 4 We also see that the final interface circulation is exactly equal to the initial value (␦⌫ 0 ). This is due to the fact that the baroclinic vector at the interface is zero, because Rϭ1, and therefore ␦⌫ 0 does not change in time.
VI. SUMMARY
We have presented an analytic model to calculate the asymptotic velocity profile for the Richtmyer-Meshkov instability, whether a shock or a rarefaction are reflected at the interface. The key to get this result is to realize that the pressure perturbations in the space between the fronts vanish for very large times. This fact ensures that the velocity field becomes incompressible in the asymptotic limit and then the integration of the equations for the velocity field results quite simple. The main result of the model is the fact that in order to predict the final velocity of the interface it is necessary to know the initial tangential velocities at both sides of the surface plus the vorticity profile in the bulk of the fluids. For weak shocks an exact formula can be obtained neglecting the bulk vorticity. For stronger shocks this bulk vorticity can not be neglected and an approximate formula can still be obtained in this case. Its accuracy has been tested by comparison with the results of full linear simulations of the same problem published elsewhere. Situations in which freeze-out could occur have been verified in the weak shock limit. These results are seen to be also applicable to the more general perturbed Riemann problem. As an important result, it has also been shown that to obtain a formula valid in the weak shock limit, it is not necessary to use an impulsive approximation. It is enough to consider irrotational velocity perturbations that are matched across the interface with consistent boundary conditions.
In the case of a reflected rarefaction in the fluid ''b,'' we need the information that comes from the expanding region. We do not have R-H conditions at the rarefaction tail. However, the conservation laws applied at the rarefaction tail give us useful relations to get an equation that relates the coefficients 1 b and 1 b . We refer the reader to the Refs. 4, 7 and 8. We need only replace Eq. ͑B1͒. The desired equation can be shown to be
͑B7͒
The terms B 2 ) rt and 1 2 V 0 ) rt come from the integration of the fluid equations inside the rarefaction fan and they correspond to functions defined at the rarefaction tail. For details the reader is referred to Refs. 4, 7 and 8. We write the coefficients 1 a and 1 a in this case: 
